Abstract. Corresponding to every finite simplicial complex K there is a momentangle complex ZK ; if K is a triangulation of a sphere, ZK is a compact manifold. The question of whether ZK is a connected sum of sphere products was considered in [3, §11]. So far, all known examples of moment-angle manifolds which are homeomorphic to connected sums of sphere products have the property that every product is of exactly two spheres. In this paper, we give a example whose cohomology ring is isomorphic to that of a connected sum of sphere products with one product of three spheres. We also give some general properties of this kind of moment-angle manifolds.
Introduction
Throughout this paper, we assume that m is a positive integer and [m] = {1, 2, . . . , m}. 1.1. Moment-angle complex. Given a simplicial complex K on m vertices, Davis and Januszkiewicz [7] constructed a finite cellular complex
[m]\σ called the moment-angle complex corresponding to K, whose study connects algebraic geometry, topology, combinatorics, and commutative algebra. This cellular complex is always 2-connected and has dimension m + n + 1, where n is the dimension of K. It turns out that the algebraic topology of a moment-angle complex Z K , such as the cohomology ring and the homotopy groups is intimately related to the combinatorics of the underlying simplicial complex K.
1.2.
Moment-angle manifold. Now suppose that K is an n-dimentional simplicial sphere (a triangulation of a sphere) with m vertices. Then, as shown by Buchstaber and Panov [4] , the moment-angle complex Z K is a manifold of dimension n + m + 1, referred to as a momnet-angle manifold. In particular, if K is a polytopal sphere (see Definition 1.1), then Z K admits a smooth structure. Definition 1.1. A polytopal sphere is a triangulated sphere isomorphic to the boundary complex of a simplicial polytope.
The topology of a moment-angle manifold can be quite complicated. The complexity increases when the dimension n of the associated simplicial sphere K increases. for n = 0, Z K is S 3 . For n = 1, K is the boundary of a polygon, and Z K is a connected sum of sphere products. In higher dimensions, the situation becomes much more complicated. On the other hand, McGavran [10] showed that, for any n > 0, there are infinitely many n-dimensional polytopal spheres whose corresponding moment-angle manifolds are connected sums of sphere products. Theorem 1.2 (McGavran, see [3, Theorem 6.3] ). Let K be a polytopal sphere dual to the simple polytope obtained from the k-simplex by cutting off vertices for l times. Then the corresponding moment-angle manifold is homeomorphic to a connected sum of sphere products
For k = 2 or 3, the above theorem gives all moment-angle manifolds which are homomorphic to connected sums of sphere products (see [3, Proposition 11.6] ). Nevertheless, in higher dimension they are not the only ones whose cohomology ring is isomorphic to that of a connected sum of sphere products. Bosio and Meersseman [3, §11] gave many other examples of moment-angle manifolds whose cohomology rings have this property. We notice that all examples of connected sums of sphere products given in [3] have the property that every product is of two spheres, this leads to a question: Question A. If Z K is a connected sum of sphere products, is it ture that every product is of exactly two spheres?
In this paper (Proposition 4.1), we give a negative answer to this question at the aspect of cohomology rings, by constructing a 3-dimentional polytopal sphere, so that the cohomology ring of the corresponding moment-angle manifold is isomorphic to the cohomology ring of the connected sum of sphere products
2. cohomology ring of moment-angle complex
Denote by M F (K) the set of all missing faces of K.
From definition 2.1, it is easy to see that if
. . , v m ] denote the graded polynomial algebra over R, where R is a field or Z, degv i = 2. The face ring (also known as the Stanley-Reisner ring) of a simplicial complex K on the vertex set [m] is the quotient ring
where I K is the ideal generated by all square free monomials
The following result is used to calculate the cohomology ring of Z K , which is proved by Buchstaber and Panov [5, Theorems 7.6] for the case over a field, [2] for the general case; see also [11, Theorem 4.7] . Another proof of Theorem 2.2 for the case over Z was given by Franz [8] .
Theorem 2.2 (Buchstaber-Panov, [11, Theorem 4.7] ). Let K be a abstract simplicial complex with m vertices. Then the cohomology ring of the moment-angle complex Z K is given by the isomorphisms
where
and Tor 
given by the maps
which are induced by the canonical simplicial inclusions K I∪J → K I * K J (join of simplicial complexes) for I ∩ J = ∅ and zero otherwise. Precisely, Let C q (K) be the qth reduced simplicial cochain group of K. For a oriented simplex σ = (i 1 , . . . , i p ) of K (the orientation is given by the order of vertices of σ), denote by σ * ∈ C p−1 (K) the basis cochain corresponding to σ; it takes value 1 on σ and vanishes on all other simplices. Then for I, J ∈ [m] with I ∩ J = ∅, we have isomorphisms of reduced simplicial cochains
where σ τ means the juxtaposition of σ and τ . Given two cohomology classes [
, which are represented by the cocycles i σ * i and j τ * j respectively. Then
where ϕ : 
Baskakov showed in [1] (see [6, Proposition 3.2.10] ) that, up to sign 
there is a commutative diagram of algebraic homomorphisms
Actually, there are three ways to calculate the integral cohomology ring of a momentangle complex Z K .
(1) The first is to calculate the Hochster ring H * , * (K) of K and apply the isomorphisms in Theorem 2.2.
(2) The second is to calculate Tor * , * 
where Λ[u 1 , . . . , u m ] is the exterior algebra over Z generated by m generators. On the right side, we have
In fact, there is a simpler way to calculate the cohomology of this differential graded algebra by applying the following result Proposition 2.5 ([6, Lemma 3.2.6]). The projection homomorphism
induces an isomorphism in cohomology, where A(K) is the quotient algebra
The third way is to use the Taylor resolution for Z(K) to calculate Tor Z[m] (Z(K), Z). This was introduced first by Yuzvinsky in [13] . Wang and Zheng [12] applied this method to toric topology. Concretely, let P = M F (K), and let Λ[P] be the exterior algebra generated by P. Given a monomial
Define bidegu = (−r, 2|S u |), and define
Let (Λ * , * [P], d) be the cochain complex (with a different product structure from Λ[P]) induced from the bi-graded exterior algebra on P.
and zero otherwise. The product structure in (Λ * ,
where · denote the ordinary product in the exterior algebra Λ[P]. 
]).
There is a algebraic isomorphism
3. Construction of a polytopal 3-sphere with eight vertices
In this section, we construct a 3-dimensional polytopal sphere K with eight vertices, such that the cohomology ring of the correponding moment-angle manifold Z K is isomorphic to the the cohomology ring of a connected sum of sphere products with one product of three spheres. It has two subcomplex K 1 and K 2 also shown in Figure 1 . Next let L 1 = K 0 ∪ cone(K 1 ) with a new vertex 5. (i.e., L 1 is the mapping cone of the inclusion map Figure 2) . Then (1, 3, 4) , (2, 3, 5) , (3, 4, 6) , (5, 6)}.
Note that K 0 can be viewed as a "thick" 2-sphere with two 3-simplices (1, 2, 4, 5) and (1, 2, 4, 6), shown shaded in Figure 2 . K 0 has two subcomplexes K 1 and K 2 (see Figure  2) , which are all triangulations of S 2 . Let cone(K 2 ) be the cone of K 2 with a new vertex 8. Then it is easy to see that K = K 0 ∪ cone(K 2 ) is a triangulation of D 3 and its boundary is K 1 . Finally, let K = K ∪ cone(K 1 ) with a new vertex 7. Clearly, K is a triangulation of S 3 , and the missing faces of K are Grünbaum and Sreedharan [9] gave a complete enumeration of the simplicial 4-polytopes with 8 vertices. A direct verification shows that K we construct above is isomorphic to 
connected sums of sphere products
In the first part of this section, we calculate the cohomology ring of Z K corresponding to the polytopal sphere K constructed in the last section. In the second part, we give some general properties for the moment-angle manifolds whose cohomology ring is isomorphic to that of a connected sum of sphere product. Proposition 4.1. For the polytopal sphere K defined in Construction 3.1, the cohomology ring of the corresponding moment-angle manifold Z K is isomorphic to the cohomology ring of Figure 3 We will calculate H * (Z K ) in the first way introduced in section 2. Therefore we need first to calculate the reduced cohomology rings of all full subcomplexes of K. Now we do this work in 6 cases according to the cardinality of I for K I .
(1) Since the case |I| = 1 is trivial, we start with the case |I| = 2. In this case, from (3.1), it is easy to see that H * (K I ) = 0 if and only if I = (5, 6) or (7, 8) , and if so,
Denote by a 1 (respectively a 2 ) a generator of H 0 (K I ) for I = (5, 6) (respectively (7, 8) ). 
for which the corresponding simplicial complexes are respectively A, B and C shown in Figure 3 . It is easy to see that they are all homotopic to S 1 . In Table 4 .1 we list all non-contractible full subcomplexes K I of K for |I| = 4 (each I j contains vertex 1). Denote by α j (respectively α j ) a generator of From this and Alexander duality on K we have that
From the arguments in case (2), H * (K I ) are all torsion free, so
. Thus H * (K I ) is non-trivial if and only if I is one of the eight missing faces with three vertice, and if so, H * (K I ) ∼ = H 1 (K I ) ∼ = Z, whose generator we denote by β i (1 ≤ i ≤ 8). (5) |I| = 6. The same argument as in (4) shows that H * (K I ) is non-trivial if and only if I is (5, 6) or (7, 8) , and if so,
Denote by λ 1 (respectively λ 2 ) a generator of H 2 (K I ) for I = (5, 6) (respectively (7, 8) ). 
Denote by ξ a generator of it.
Proof of Proposition 4.1. Theorem 2.2 and the preceding arguments give the cohomology group of
Now we give the cup product structure of H * (Z K ). First by Poincaré duality on Z K and Remark 2.3, up to sign
Note that K I 0 = K (5,6) * K (7, 8) , so up to sign ψ(a 1 ) ψ(a 2 ) = ψ(α 0 ) (see Remark 2.3), and so
Since a 2 * α 0 ∈ H * (K (5, 6) ), ψ(a 2 ) ψ(α 0 ) = ψ(a 2 * α 0 ) = p · ψ(λ 1 ) for some p ∈ Z. From fomulae (4.1) and (4.4) we have p = 1. Similarly, ψ(a 1 ) ψ(α 0 ) = −ψ(λ 2 ). Moreover from the arguments in case (5), we have that ψ(a i ) ψ(α j ) = 0 for 1 ≤ j ≤ 8, and ψ(a i ) ψ(α j ) = 0 for 0 ≤ j ≤ 8; i = 1, 2. By an observation on the dimension of the non-trivial cohomology groups of Z K , it is easy to verify that any other products between these generators are trivial. Combining all the product relations above we get the desired result.
There are other two different polytopal spheres from K (corresponding to the two 4-polytopes P 8 26 and P 8 27 in [9] ), so that the corresponding moment-angle manifolds have the same cohomology rings as Z K . The proof of this is the same as Proposition 4.1.
For a moment-angle manifold corresponding to a simplicial 2-sphere, if its cohomology ring is isomorphic to the one of a connected sum of sphere products, then it is actually diffeomorphic to this connected sum of sphere products ( [3] , Proposition 11.6). This leads to the following conjecture: Conjecture 4.2. Z K is diffeomorphic to the connected sum of sphere products in Proposition 4.1.
Note that the connected sum of sphere products in Proposition 4.1 only has one product of three spheres, we then ask: Is there a moment-angle manifold (corresponding to a simplicial 3-sphere) whose cohomology ring is isomorphic to the one of a connected sum of sphere products with more than one product of three spheres? The following Theorem gives a negative answer to this question.
and each M i is a product of spheres. Let q i be the number of sphere factors of M i . Then (a) If q i = n + 1 for some i, then k = 1, and 
